Uncertainty theory is a branch of axiomatic mathematics for modeling belief degrees. Since convergence for uncertain sequences plays a very important role in uncertainty theory and applications, we investigated some properties of convergence in measure in this paper. In addition, some theorems and properties of convergence in p-distance were studied.
Introduction
Uncertainty theory which is founded by Liu [1] has been used to model uncertain phenomena for a long time. During the past years, many researchers contributed a lot to this area. For instance, Liu [2] introduced a classical application of uncertainty theory. In order to indicate the belief degree that an event happens, Liu [1] defined a definition of uncertain measure as a set function satisfying normality, duality, subadditivity, and product axiom. Liu [1] put forward the concept of uncertain variable. Then Liu and Ha [3] presented a formula to calculate the expected value of a function of uncertain variables. After that, Liu [4] introduced uncertain programming, and Li and Liu [5] studied uncertain logic. Liu [6] founded uncertain process which is essentially a sequence of uncertain variables indexed by time, and then the uncertain distribution and independence of uncertain process were studied by Liu [7] in 2014. Furthermore, uncertain differential equation was also given by Liu [6] and further researched by Chen and Liu [8] whose main content is existence and uniqueness theorem for uncertain differential equation. To date, uncertainty theory has been already applied to uncertain risk measure (Liu [2] ), uncertain set (Liu [9] ), uncertain inference (Gao et al. [10] ), and so on.
Since sequence convergence is a useful tool in the fundamental theory of mathematics, some definitions of sequences convergence of uncertain sequences were proposed by Liu [1] and You [11] . The Cauchy convergence of uncertain sequences and the sufficient conditions of convergence almost surely were presented by Xia [12] . H. Wang and Z. Wang [13] studied the dual limits of uncertain variables sequence in 2013. Then, Gao [14] discussed the convergence theorems for expected value of uncertain variables. A necessary and sufficient condition of convergence in measure for uncertain sequence was presented by Guo et al. [15] . Therefore, r-order convergence and dual convergence of uncertain variable sequences were researched by Yuan [16] and Yuan et al. [17] . Chen et al. [18] introduced the convergence concepts of complex uncertain sequence. In addition, You and Yan [19] gave a new concept of sequence convergence for uncertain variables that is convergence in p-distance; then the relationships among concepts of convergence for uncertain variables sequences were studied by You and Yan [20] in 2016.
The main objective of this paper is to research the properties of convergence for uncertain sequence. The structure of the paper is as follows: we shall briefly introduce uncertain space and some basic contents and theorems of uncertainty theory in Section 2. Then some new properties of convergence in measure and convergence in p-distance will be investigated in Section 3. Finally, a brief summary will be given.
2
Mathematical Problems in Engineering degree that each event will happen, Liu [1] proposed the set function M, which is called uncertain measures if it satisfies the following three axioms.
Axiom 1 (normality). M{Γ} = 1.
Axiom 2 (self-duality). M{Λ} + M{Λ } = 1, for any event Λ.
Axiom 3 (subadditivity). For every countable sequence of events {Λ }, we have
Next, we will introduce the definition of uncertainty space.
Definition 1 (see Liu [1] ). Let Γ be a nonempty set, let L be a -algebra over Γ, and let M be an uncertain measure. Then the triplet (Γ, L, M) is called an uncertainty space.
For uncertain measure, we have the following theorem.
Theorem 2 (monotonicity, Liu [1] ). Uncertain measure M is a monotone increasing set function. That is, for any events
Definition 3 (see Liu [1] ). An uncertain variable is a function from an uncertainty space (Γ, L, M) to the set of real numbers such that { ∈ } is an event for any set of real numbers.
Then some convergence concepts and theorems of uncertain sequence were given.
Definition 4 (see Liu [1] ). The uncertain sequence { } is said to be convergent in measure to if
for every > 0.
Remark 5. According to Definition 2.3 and Corollary 3.2 in You [11] , we know there exists subsequence { } such that lim →∞ M{| − | < } = 1. That is to say, if uncertain sequence { } converges in measure to , we can get lim →∞ | − | = 0, a.s. [19] ). The uncertain sequence { } is said to be convergent in p-distance to if
Definition 6 (see You and Yan
Theorem 7 (see You and Yan [19] ). Let , , and be uncertain variables, and let (⋅, ⋅) be the p-distance. Then we have the following:
(c) (Symmetry) ( , ) = ( , ).
(d) (Triangle Inequality) ( , ) ≤ ( , ) + ( , ).
Theorem 8 (see You and Yan [20] ). Let , be uncertain variables defined on metric space (F, ), and let { }, { } be uncertain variables sequences defined on metric space (F, ).
Thus we obtain the following conclusions: 
Some Properties of Convergence
This section will describe some properties of convergence in measure and convergence in -distance. (1) It follows from Axiom 3 that
as → 0. Thus uncertain variables sequence { + } converges in measure to { + }. (2) According to Axiom 3, we obtain
as → 0. Therefore, uncertain variables sequence { − } converges in measure to { − }.
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as → 0. Thus uncertain variables sequence { } converges in measure to { }. (4) It follows from Axiom 3 that
as → 0. Then we get that uncertain variables sequence { / } converges in measure to { / }.
The following theorem is a generalization of Theorem 9. 
Theorem 10. Suppose that uncertain variables sequences
{ 1 }, { 2 },
. , ).
Proof. According to Theorem 9, we have
as → ∞. The proof is completed.
Theorem 11. Assume uncertain variables sequence { } converges in measure to . If ( ) is a continuous function, then ( ) converges in measure to ( ).

Proof. (1) If ( ) = ∑ =1
is -order polynomial function, by Theorem 10, we can get that ( ) converges in measure to ( ).
(2) Since { } converges in measure to , there exists a positive number 0 such that M{| | > 0 } < , for any 0 < < 1. Since { } converges in measure to , there exists positive number 1 such that M{| − | > 1} < , for any ≥ 1 . Thus
Since ( ) is a continuous function, there exists a k-order polynomial function ( ) such that
It follows from (1) that ( ) converges in measure to ( ). That is to say, there exists a positive integer 2 such that
for any ≥ 2 . Then
where
Furthermore, we have
Since
By the reason that
we have
Therefore,
By the arbitrariness of , , we can get that ( ) converges in measure to ( ).
Based on Theorems 10 and 11, the following theorem was acquired.
Theorem 12.
If uncertain variables sequences { }, = 1, 2, . . . , , converge in measure to , respectively, and
. . , ( )) ̸ = ±∞, for any rational function ( 1 , 2 , . . . , ) and continuous function ( ), = 1, 2, . . . , , then ( 1 ( 1 ), 2 ( 2 ) , . . . , ( )) converges in measure to ( 1 ( 1 ), 2 ( 2 ) , . . . , ( )).
Proof. The theorem can be proved easily by using Theorems 10 and 11. Proof. According to Axiom 3, we obtain
as → ∞. Thus the theorem is proved.
Next, the results of convergence in measure will be extended to the case of convergence in -distance. + lim
Thus lim →∞ ( / , / ) = 0 is verified.
Remark 15. According to Theorems 8 and 14, we know the arithmetic operation of uncertain sequences, which are convergent in -distance, are still convergent in -distance. 
Theorem 16. Suppose that uncertain variables sequences
is k-order polynomial function, according to Theorem 10, we know that ( ) converges in p-distance to ( ).
(2) If ( ) is arbitrary continuous function, there exists a k-order polynomial function ( ) such that
for any > 0. That is to say,
From (1), we obtain that ( ) converges in p-distance to ( ), for any positive number . That is to say, there exists positive integer , such that ( ( ) , ( )) < 3 ,
for any > . Thus, we get 
for any > . Therefore, ( ) converges in p-distance to .
Conclusions
The main point of this paper is to discuss properties of convergence for uncertain sequence. To begin with, some properties of convergence in measure were investigated in this paper; for example, the arithmetic operation of uncertain sequence, which are convergent in measure, are still convergent in measure. If an uncertain sequence is convergent in measure, then the sequence formed by the continuous function of the uncertain sequence is convergent in measure too and so forth.
Then the results of convergence in measure were extended to the case of convergence in p-distance. Next, we will investigate the corresponding convergence properties of uncertain sequence in the sense of convergence almost surely and convergence in distribution and other convergence concepts. Furthermore, we will apply these convergence properties into the real problems in engineering and mathematical finance.
